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Abstract
The structure of the general, inhomogeneous solution of (bosonic)
Einstein-matter systems in the vicinity of a cosmological singular-
ity is considered. We review the proof (based on ideas of Belinskii-
Khalatnikov-Lifshitz and technically simplified by the use of the Arnowitt-
Deser-Misner Hamiltonian formalism) that the asymptotic behaviour,
as one approaches the singularity, of the general solution is describ-
able, at each (generic) spatial point, as a billiard motion in an aux-
iliary Lorentzian space. For certain Einstein-matter systems, notably
for pure Einstein gravity in any spacetime dimension D and for the
particular Einstein-matter systems arising in String theory, the bil-
liard tables describing asymptotic cosmological behaviour are found
to be identical to the Weyl chambers of some Lorentzian Kac-Moody
algebras. In the case of the bosonic sector of supergravity in 11 di-
mensional spacetime the underlying Lorentzian algebra is that of the
hyperbolic Kac-Moody group E10, and there exists some evidence of
a correspondence between the general solution of the Einstein-three-
form system and a null geodesic in the infinite dimensional coset space
E10/K(E10), where K(E10) is the maximal compact subgroup of E10.
It is a pleasure to dedicate this review to Stanley Deser, a dear friend
and a great physicist to whom I owe a lot.
1 Introduction and overview
A remarkable connection between the asymptotic behavior of certain Einstein-
matter systems near a cosmological singularity and billiard motions in the
Weyl chambers of some corresponding Lorentzian Kac–Moody algebras was
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uncovered in a series of works [1, 2, 3, 4, 5, 6, 7]. This simultaneous appear-
ance of billiards (with chaotic properties in important physical cases) and
of an underlying symmetry structure (infinite-dimensional Lie algebra) is an
interesting fact, which deserves to be studied in depth. Before explaining the
techniques (notably the Arnowitt-Deser-Misner Hamiltonian formalism [8])
that have been used to uncover this fact, we will start by reviewing previ-
ous related works, and by stating the main results of this billiard/symmetry
connection.
The simplest example of this connection concerns the pure Einstein sys-
tem inD = 3+1-dimensional space-time. The Einstein equations (Rµν(gαβ) =
0) are non-linear PDE’s for the metric components. Near a cosmological
spacelike singularity, here chosen as t = 0, the spatial gradients are ex-
pected to become negligible compared to time derivatives ( ∂
∂xi
<< ∂∂t); this
then suggests the decoupling of spatial points and allows for an approximate
treatment in which one replaces the above partial differential equations by
(a 3-dimensional family of) ordinary differential equations. Within this sim-
plified context, Belinskii, Khalatnikov and Lifshitz (BKL) gave a description
[9, 10, 11] of the asymptotic behavior of the general solution of Einstein’s
equations, close to the singularity, and showed that it can be described as a
chaotic [12, 13] sequence of generalized Kasner solutions. The Kasner metric
is of the type
gαβ(t)dx
αdxβ = −N2dt2 +A1t2p1dx21 +A2t2p2dx22 +A3t2p3dx23 (1.1)
where the constants pi obey
1
−→p 2 = p21 + p22 + p23 − (p1 + p2 + p3)2 = 0. (1.2)
An exact Kasner solution, with a given set of Ai’s and pi’s, can be repre-
sented by a null line in a 3-dimensional auxiliary Lorentz space with coor-
dinates p1, p2, p3 equipped with the metric given by the quadratic form
−→p 2
above. The auxiliary Lorentz space can be radially projected on the unit
hyperboloid or further on the Poincare´ disk (i.e. on the hyperbolic plane
H2): the projection of a null line is a geodesic on the hyperbolic plane.
BKL showed that, because of non-linearities in Einstein’s equations, the
generic solution behaves as a succession of Kasner epochs, i.e., to a broken
null line in the auxiliary Lorentz space, or a broken geodesic on the Poincare´
disk. This broken geodesic motion is a “billiard motion” (seen either in
Lorentzian space or in hyperbolic space).
1In the N = 1 gauge, they also obey p1 + p2 + p3 = 1.
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Figure 1: Lorentz space and projection on Poincare´ disk.
Figure 2: Picture of chaotic cosmological behavior for 3 + 1 gravity
The billiard picture naturally follows from the Hamiltonian approach to
cosmological behavior and was first obtained in the homogeneous (Bianchi
IX) four-dimensional case [14, 15] and then extended to higher space-time
dimensions with p-forms and dilatons [3, 6, 7, 18, 19, 20, 21]. Recent work
[7] has improved the derivation of the billiard picture by using the Iwasawa
decomposition of the spatial metric. Combining this decomposition with
the Arnowitt-Deser-Misner Hamiltonian formalism highlights the mecha-
nism by which all variables except the scale factors and the dilatons get
asymptotically frozen. The non-frozen variables (logarithms of scale factors
and dilatons) then undergo a billiard motion. This billiard motion can be
seen either in Lorentzian space or, after radial projection, on hyperbolic
space (see below for details).
A remarkable connection was also established [1, 2, 3, 4, 5, 6, 7] between
certain specific Einstein-matter systems and Lorentzian Kac-Moody (KM)
algebras [22]. In the leading asymptotic approximation, this connection is
simply that the Lorentzian billiard table within which the motion is confined
can be identified with the Weyl chamber of some corresponding Lorentzian
KM algebra. This can happen only when many conditions are met: in
particular, (i) the billiard table must be a Coxeter polyhedron (the dihedral
angles between adacent walls must be integer submultiples of π) and ii)
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the billiard must be a simplex. Surprisingly, this occurs in many physically
interesting Einstein-matter systems. For instance, pure Einstein gravity in
D dimensional space-time corresponds to the Lorentzian KM algebra AED−1
[4] which is the overextension of the finite Lie algebra AD−3: for D = 4, the
algebra is AE3 the Cartan matrix of which is given by
A =

 2 −1 0−1 2 −2
0 −2 2

 (1.3)
Chaotic billiard tables have finite volume in hyperbolic space, while non-
chaotic ones have infinite volume; as a consequence, chaotic billiards are
associated with hyperbolic KM algebras; this happens to be the case for
pure gravity when D ≤ 10.
Another connection between physically interesting Einstein-matter sys-
tems and KM algebras concerns the low-energy bosonic effective actions
arising in string and M theories. Bosonic string theory in any space-time
dimension D is related to the Lorentzian KM algebra DED [3, 5]. The lat-
ter algebra is the canonical Lorentzian extension of the finite-dimensional
algebra DD−2. The various superstring theories (in the critical dimension
D = 10) andM -theory have been found [3] to be related either to E10 (when
there are two supersymmetries in D = 10, i.e. for type IIA, type IIB andM -
theory) or to BE10 (when there is only one supersymmetry in D = 10, i.e.
for type I and II heterotic theories), see the table below. A construction of
the Einstein-matter systems related to the canonical Lorentzian extensions
of all finite-dimensional Lie algebras An, Bn, Cn, Dn, G2, F4, E6, E7 and
E8 (in the above “billiard” sense) is presented in Ref. [5]. See also Ref. [23]
for the identification of all hyperbolic KM algebras whose Weyl chambers
are Einstein billiards.
The correspondence between the specific Einstein–three-form system (in-
cluding a Chern–Simons term) describing the bosonic sector of 11-dimensional
supergravity (also known as the “low-energy limit of M -theory”) and the
hyperbolic KM group E10 was studied in more detail in [6]. Reference [6] in-
troduces a formal expansion of the field equations in terms of positive roots,
i.e. combinations α = Σi n
i αi of simple roots of E10, αi, i = 1, . . . , 10, where
the ni’s are integers ≥ 0. It is then useful to order this expansion according
to the height of the positive root α = Σi n
i αi, defined as ht(α) = Σi n
i. The
correspondence discussed above between the leading asymptotic evolution
near a cosmological singularity (described by a billiard) and Weyl cham-
bers of KM algebras involves only the terms in the field equation whose
height is ht(α) ≤ 1. By contrast, the authors of Ref. [6] managed to show,
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by explicit calculation, that there exists a way to define, at each spatial
point x, a correspondence between the field variables gµν(t, x), Aµνλ(t, x)
(and their gradients), and a (finite) subset of the parameters defining an
element of the (infinite-dimensional) coset space E10/K(E10) where K(E10)
denotes the maximal compact subgroup of E10, such that the (PDE) field
equations of supergravity get mapped onto the (ODE) equations describing
a null geodesic in E10/K(E10) up to terms of height 30. This tantalizing re-
sult suggests that the infinite-dimensional hyperbolic Kac–Moody group E10
may be a “hidden symmetry” of supergravity in the sense of mapping solu-
tions onto solutions (the idea that E10 might be a symmetry of supergravity
was first suggested by Julia long ago [24, 25]). Note that the conjecture here
is that the continuous group E10(R) be a hidden symmetry group of classi-
cal supergravity. At the quantum level, i.e. for M theory, one expects only a
discrete version of E10, say E10(Z), to be a quantum symmetry. See [26] for
recent work on extending the identification of [6] between roots of E10 and
symmetries of supergravity/M-theory beyond height 30, and for references
about previous suggestions of a possible role for E10. For earlier appearances
of the Weyl groups of the E series in the context of U -duality see [27, 28, 29].
A series of recent papers [30, 31, 32, 33, 34] has also explored the possible
role of E11 (a nonhyperbolic extension of E10) as a hidden symmetry of M
theory.
It is also tempting to assume that the KM groups underlying the other
(special) Einstein-matter systems discussed above might be hidden (solution-
generating) symmetries. For instance, in the case of pure Einstein gravity
in D = 4 space-time, the conjecture is that AE3 be such a symmetry of Ein-
stein gravity. This case, and the correspondence between the field variables
and the coset ones is further discussed in [7].
Rigorous mathematical proofs [17, 35, 16] are however only available for
‘non chaotic’ billiards.
In the remainder of this paper, we will outline various arguments ex-
plaining the above results; a more complete derivation can be found in [7].
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2 General Models
The general systems considered here are of the following form
S[gMN , φ,A
(p)] =
∫
dDx
√−g
[
R(g)− ∂Mφ∂Mφ
−1
2
∑
p
1
(p + 1)!
eλpφF
(p)
M1···Mp+1
F (p)M1···Mp+1
]
+ . . . . (2.4)
Units are chosen such that 16πGN = 1, GN is Newton’s constant and the
space-time dimension D ≡ d + 1 is left unspecified. Besides the standard
Einstein–Hilbert term the above Lagrangian contains a dilaton2 field φ and
a number of p-form fields A
(p)
M1···Mp
(for p ≥ 0). The p-form field strengths
F (p) = dA(p) are normalized as
F
(p)
M1···Mp+1
= (p + 1)∂[M1A
(p)
M2···Mp+1]
≡ ∂M1A(p)M2···Mp+1 ± p permutations .
(2.5)
As a convenient common formulation we adopt the Einstein conformal frame
and normalize the kinetic term of the dilaton φ with weight one with respect
to the Ricci scalar. The Einstein metric gMN has Lorentz signature (− +
· · ·+) and is used to lower or raise the indices; its determinant is denoted by
g. The dots in the action (2.4) above indicate possible modifications of the
field strength by additional Yang–Mills or Chapline–Manton-type couplings
[36, 37]. The real parameter λp measures the strength of the coupling of
A(p) to the dilaton. When p = 0, we assume that λ0 6= 0 so that there is
only one dilaton.
3 Dynamics in the vicinity of a spacelike singular-
ity
The main technical points that will be reviewed here are the following
• near the singularity, t→ 0, due to the decoupling of space points, the
Einstein’s (PDE) equations become ODE’s with respect to time.
• The study of these ODE’s near t→ 0, shows that the d diagonal spatial
metric components ”gii” and the dilaton φ move on a billiard in an
auxiliary d+ 1 dimensional Lorentz space.
2The generalization to any number of dilatons is straightforward.
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• All the other field variables (gij , i 6= j,Ai1...ip, πi1...ip) freeze as t→ 0.
• In many interesting cases, the billiard tables can be identified with the
fundamental Weyl chamber of an hyperbolic KM algebra.
• For SUGRA11, the KM algebra is E10. Moreover, the PDE’s are equiv-
alent to the equations of a null geodesic on the coset space E10/K(E10),
up to height 30.
3.1 Arnowitt-Deser-Misner Hamiltonian formalism
To focus on the features relevant to the billiard picture, we assume here
that there are no Chern–Simons and no Chapline–Manton terms and that
the curvatures F (p) are abelian, F (p) = dA(p). That such additional terms do
not alter the analysis has been proven in [7]. In any pseudo-Gaussian gauge
and in the temporal gauge (g0i = 0 and A0i2...ip = 0, ∀p), the Arnowitt-
Deser-Misner Hamiltonian action [8] reads
S
[
gij , π
ij , φ, πφ, A
(p)
j1···jp
, π
j1···jp
(p)
]
=∫
dx0
∫
ddx
(
πij ˙gij + πφφ˙+
1
p!
∑
p
π
j1···jp
(p) A˙
(p)
j1···jp
−H
)
,(3.6)
where the Hamiltonian density H is
H ≡ N˜H , (3.7)
H = K +M , (3.8)
K = πijπij − 1
d− 1π
i
iπ
j
j +
1
4
π2φ +
∑
p
e−λpφ
2 p!
π
j1···jp
(p) π(p) j1···jp , (3.9)
M = −gR+ ggij∂iφ∂jφ+
∑
p
eλpφ
2 (p+ 1)!
g F
(p)
j1···jp+1
F (p) j1···jp+1 , (3.10)
and R is the spatial curvature scalar. N˜ = N/
√
g(d) is the rescaled lapse.
The dynamical equations of motion are obtained by varying the above action
with respect to the spatial metric components, the dilaton, the spatial p-form
components and their conjugate momenta. In addition, there are constraints
on the dynamical variables,
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H ≈ 0 (“Hamiltonian constraint”), (3.11)
Hi ≈ 0 (“momentum constraint”), (3.12)
ϕ
j1···jp−1
(p) ≈ 0 (“Gauss law” for each p-form), (3.13)
with
Hi = −2πj i|j + πφ∂iφ+
∑
p
1
p!
π
j1···jp
(p) F
(p)
ij1···jp
, (3.14)
ϕ
j1···jp−1
(p) = π
j1···jp−1jp
(p) |jp
, (3.15)
where the subscript |j stands for a spatially covariant derivative.
3.2 Iwasawa decomposition of the spatial metric
We systematically use the Iwasawa decomposition of the spatial metric gij
and write
gij =
d∑
a=1
e−2β
aN aiN aj (3.16)
where N is an upper triangular matrix with 1’s on the diagonal. We will
also need the Iwasawa coframe {θa},
θa = N ai dxi , (3.17)
as well as the vectorial frame {ea} dual to the coframe {θa},
ea = N ia ∂
∂xi
(3.18)
where the matrix N ia is the inverse of N ai, i.e., N aiN ib = δab . It is again
an upper triangular matrix with 1’s on the diagonal. Let us now examine
how the Hamiltonian action gets transformed when one performs, at each
spatial point, the Iwasawa decomposition (3.16) of the spatial metric. The
kinetic terms of the metric and of the dilaton in the Lagrangian (2.4) are
given by the quadratic form
Gµνdβ
µdβν =
d∑
a=1
(dβa)2 −
(
d∑
a=1
dβa
)2
+ dφ2, βµ = (βa, φ). (3.19)
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The change of variables (gij → βa,N ai) corresponds to a point transforma-
tion and can be extended to the momenta as a canonical transformation in
the standard way via
πij g˙ij ≡
∑
a
πaβ˙
a +
∑
a
P iaN˙ ai . (3.20)
Note that the momenta
P ia =
∂L
∂N˙ ai
=
∑
b
e2(β
b−βa)N˙ ajN jbN ib (3.21)
conjugate to the nonconstant off-diagonal Iwasawa components N ai are only
defined for a < i; hence the second sum in (3.20) receives only contributions
from a < i.
3.3 Splitting of the Hamiltonian
We next split the Hamiltonian density H (3.7) in two parts: H0, which is
the kinetic term for the local scale factors βµ = (βa, φ), and V, a “potential
density” of weight 2, which contains everything else. Our analysis below will
show why it makes sense to group the kinetic terms of both the off-diagonal
metric components and the p-forms with the usual potential terms, i.e. the
term M in (3.8). Thus, we write
H = H0 + V (3.22)
with the kinetic term of the β variables
H0 = 1
4
Gµνπµπν , (3.23)
where Gµν denotes the inverse of the metric Gµν of Eq. (3.19). In other
words, the right hand side of Eq. (3.23) is defined by
Gµνπµπν ≡
d∑
a=1
π2a −
1
d− 1
(
d∑
a=1
πa
)2
+ π2φ , (3.24)
where πµ ≡ (πa, πφ) are the momenta conjugate to βa and φ, respectively,
i.e.
πµ = 2N˜
−1Gµν β˙
ν = 2Gµν
dβν
dτ
. (3.25)
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The total (weight 2) potential density,
V = VS + VG +
∑
p
Vp + Vφ , (3.26)
is naturally split into a “centrifugal” part VS linked to the kinetic energy
of the off-diagonal components (the index S referring to “symmetry,”), a
“gravitational” part VG, a term from the p-forms,
∑
p Vp, which is a sum of
an “electric” and a “magnetic” contribution and also a contribution to the
potential coming from the spatial gradients of the dilaton Vφ.
• “centrifugal” potential
VS = 1
2
∑
a<b
e−2(β
b−βa)
(
P jbN aj
)2
, (3.27)
• “gravitational” (or “curvature”) potential
VG = −gR = 1
4
∑
a6=b6=c
e−2αabc(β)(Cabc)
2 −
∑
a
e−2µa(β)Fa , (3.28)
where
αabc(β) ≡
∑
e
βe + βa − βb − βc, a 6= b, b 6= c, c 6= a (3.29)
and
dθa = −1
2
Cabcθ
b ∧ θc (3.30)
while Fa is a polynomial of degree two in the first derivatives ∂β and
of degree one in the second derivatives ∂2β.
• p-form potential
V(p) = Vel(p) + Vmagn(p) , (3.31)
which is a sum of an “electric” Vel(p) and a “magnetic” Vmagn(p) contri-
bution. The “electric” contribution can be written as
Vel(p) =
e−λpφ
2 p!
π
j1···jp
(p) π(p) j1···jp
=
1
2 p!
∑
a1,a2,··· ,ap
e−2ea1···ap(β)(Ea1···ap)2 , (3.32)
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where Ea1···ap ≡ N a1 j1N a2 j2 · · · N ap jpπj1···jp , and ea1···ap(β) are the
”electric wall” forms,
ea1···ap(β) = β
a1 + · · ·+ βap + λp
2
φ . (3.33)
And the “magnetic” contribution reads,
Vmagn(p) =
eλpφ
2 (p+ 1)!
g F
(p)
j1···jp+1
F (p) j1···jp+1
=
1
2 (p + 1)!
∑
a1,a2,··· ,ap+1
e−2ma1···ap+1(β)(Fa1···ap+1)2 .(3.34)
where Fa1···ap+1 = N j1a1 · · · N jp+1ap+1Fj1···jp+1 and the ma1···ap+1(β)
are the magnetic linear forms
ma1···ap+1(β) =
∑
b/∈{a1,a2,···ap+1}
βb − λp
2
φ , (3.35)
• dilaton potential
Vφ = ggij∂iφ∂jφ (3.36)
=
∑
a
e−µa(β)(Nai∂iφ)2, . (3.37)
where
µa(β) =
∑
e
βe − βa (3.38)
3.4 Appearance of sharp walls in the BKL limit
In the decomposition of the hamiltonian as H = H0 + V, H0 is the kinetic
term for the βµ’s while all other variables now only appear through the
potential V which is schematically of the form
V(βµ, ∂xβµ, P ,Q) =
∑
A
cA(∂xβ
µ, P,Q) exp
(− 2wA(β)) , (3.39)
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where (P,Q) = (N ai, P ia, Ea1···ap ,Fa1···ap+1). Here wA(β) = wAµβµ are the
linear wall forms already introduced above:
symmetry walls : wSab ≡ βb − βa; a < b
gravitational walls : αabc(β) ≡
∑
e
βe + βa − βb − βc, a 6= b, b 6= c, c 6= a
µa(β) ≡
∑
e
βe − βa,
electric walls : ea1···ap(β) ≡ βa1 + ...+ βap +
1
2
λpφ,
magnetic walls : ma1···ap+1(β) ≡
∑
e
βe − βa1 − ...− βap+1 − 1
2
λpφ.
In order to take the limit t→ 0 which corresponds to βµ tending to future
time-like infinity, we decompose βµ into hyperbolic polar coordinates (ρ, γµ),
i.e.
βµ = ργµ (3.40)
where γµ are coordinates on the future sheet of the unit hyperboloid which
are constrained by
Gµνγ
µγν ≡ γµγµ = −1 (3.41)
and ρ is the time-like variable defined by
ρ2 ≡ −Gµνβµβν ≡ −βµβµ > 0, (3.42)
which behaves like ρ ∼ − ln t → +∞ at the BKL limit. In terms of these
variables, the potential term looks like
∑
A
cA(∂xβ
µ, P,Q)ρ2 exp
(− 2ρwA(γ)) . (3.43)
The essential point now is that, since ρ → +∞, each term ρ2 exp ( −
2ρwA(γ)
)
becomes a sharp wall potential, i.e. a function of wA(γ) which
is zero when wA(γ) > 0, and +∞ when wA(γ) < 0. To formalize this
behavior we define the sharp wall Θ-function 3 as
Θ(x) :=
{
0 if x < 0 ,
+∞ if x > 0 . (3.44)
3 One should more properly write Θ∞(x), but since this is the only step function
encountered here, we use the simpler notation Θ(x).
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A basic formal property of this Θ-function is its invariance under multiplica-
tion by a positive quantity. Because all the relevant prefactors cA(∂xβ
µ, P,Q)
are generically positive near each leading wall, we can formally write
lim
ρ→∞
[
cA(∂xβ
µ, Q, P )ρ2 exp
(− ρwA(γ)] = cA(Q,P )Θ(− 2wA(γ))
≡ Θ(− 2wA(γ)) (3.45)
valid in spite of the increasing of the spatial gradients [7]. Therefore, the
limiting dynamics is equivalent to a free motion in the β-space interrupted
by reflections against hyperplanes in this β-space given by wA(β) = 0 which
correspond to a potential described by infinitely high step functions
V(β, P,Q) =
∑
A
Θ
(− 2wA(γ)) (3.46)
The other dynamical variables (all variables but the βµ’s) completely dis-
appear from this limiting Hamiltonian and therefore they all get frozen as
t→ 0.
4 Cosmological singularities and Kac–Moody al-
gebras
Two kinds of motion are possible according to the volume of the billiard
table on which it takes place, i.e. the volume (after projection on hyperbolic
space) of the region where V = 0 for t → 0, also characterized by the
conditions,
wA(β) > 0 ∀A. (4.47)
Depending on the fields present in the Lagrangian, on their dilaton-couplings
and on the spacetime dimension, the (projected) billiard volume is either
finite or infinite. The finite volume case corresponds to never-ending, chaotic
oscillations for the β’s while in the infinite volume case, after a finite number
of reflections off the walls, they tend to an asymptotically monotonic Kasner-
like behavior, see figure 3.
In figure 3 the upper panels are drawn in the Lorentzian space spanned
by (βµ) = (βa, φ). The billiard tables are represented as “wedges” in (d+1)–
dimensional (or d–dimensional, if there are no dilatons) β-space, bounded by
13
Figure 3: Sketch of billiard tables describing the asymptotic cosmological behavior
of Einstein-matter systems.
hyperplanar walls wA(β) = 0 on which the billiard ball undergoes specular
reflections. The upper left panel is a (critical) “chaotic” billiard table (con-
tained within the β-space future light cone), while the upper right one is a
(subcritical) “nonchaotic” one (extending beyond the light cone). The lower
panels represent the corresponding billiard tables (and billiard motions) af-
ter projection onto hyperbolic space Hd (Hd−1 if there are no dilatons).
The latter projection is defined in the text by central projection onto γ-
space (i.e. the unit hyperboloid Gµν γ
µ γν = −1, see the upper panels), and
is represented in the lower panels by its image in the Poincare´ ball (disk).
In fact, not all the walls are relevant for determining the billiard table.
Some of the walls stay behind the others and are not met by the billiard ball.
Only a subset of the walls wA(β), called dominant walls and here denoted
{wi(β)} are needed to delimit the hyperbolic domain. Once the domiant
walls are found, one can compute the following matrix
Aij ≡ 2wi.wj
wi.wi
(4.48)
where wi.wj = G
µνwiµwjν. By definition, the diagonal elements are all
equal to 2. Moreover, in many interesting cases, the off-diagonal elements
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happen to be non positive integers. These are precisely the characteristics
of a generalized Cartan matrix, namely that of an infinite KM algebra (see
appendix). As recalled in the introduction, for pure gravity in D space-time
dimensions, there are D−1 dominant walls and the matrix Aij is exactly the
generalized Cartan matrix of the hyperbolic KM algebra AED−1 ≡ A∧∧D−3 ≡
A++D−3 which is hyperbolic for D ≤ 10. More generally, bosonic string theory
in D space-time dimensions is related to the Lorentzian KM algebra DED
[3, 5] which is the canonical Lorentzian extension of the finite-dimensional
Lie algebraDD−2. The various superstring theories, in the critical dimension
D = 10, andM -theory have been found [3] to be related either to E10 (when
there are two supersymmetries, i.e. for type IIA, type IIB and M -theory)
or to BE10 (when there is only one supersymmetry, i.e. for type I and II
heterotic theories), see the table.
The hyperbolic KM algebras are those relevant for chaotic billiards since
their fundamental Weyl chamber has a finite volume.
Theory Corresponding Hyperbolic KM algebra
Pure gravity in D ≤ 10 α1 α2 α3
αD−1
α4
α5
✐ ✐ ✐ ✐
✐ ✐
 
 
  
M-theory, IIA and IIB Strings α1 α2 α3 α4 α5 α6 α7 α8 α9
α10
✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐
✐
type I and heterotic Strings α1 α2 α3 α4 α5 α6 α7 α8 α9
α10
✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐
 
❅
✐
closed bosonic string in D = 10 α1 α2 α3 α4 α5 α6 α7 α8
α9 α10
✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐
✐✐
This table displays the Coxeter–Dynkin diagrams which encode the geometry of the
billiard tables describing the asymptotic cosmological behavior of General Relativity
and of three blocks of string theories: B2 = {M -theory, type IIA and type IIB
superstring theories}, B1 = {type I and the two heterotic superstring theories},
and B0 = {closed bosonic string theory in D = 10}. Each node of the diagrams
represents a dominant wall of the cosmological billiard. Each Coxeter diagram of
a billiard table corresponds to the Dynkin diagram of a (hyperbolic) KM algebra:
E10, BE10 and DE10 .
The precise links between a chaotic billiard and its corresponding Kac–
Moody algebra can be summarized as follows
• the scale factors βµ parametrize a Cartan element h =∑rµ=1 βµhµ,
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• the dominant walls wi(β), (i = 1, ..., r) correspond to the simple roots
αi of the KM algebra,
• the group of reflections in the cosmological billiard is the Weyl group
of the KM algebra, and
• the billiard table can be identified with the Weyl chamber of the KM
algebra.
5 E10 and a “small tension” limit of SUGRA11
The main feature of the gravitational billiards that can be associated with
the KM algebras is that there exists a group theoretical interpretation of the
billiard motion: the asymptotic BKL dynamics is equivalent (in a sense to
be made precise below), at each spatial point, to the asymptotic dynamics of
a one-dimensional nonlinear σ-model based on a certain infinite-dimensional
coset space G/K, where the KM group G and its maximal compact subgroup
K depend on the specific model. As we have seen, the walls that determine
the billiards are the dominant walls. For the KM billiards, they correspond
to the simple roots of the KM algebra. As we discuss below, some of the
subdominant walls also have an algebraic interpretation in terms of higher-
height positive roots. This enables one to go beyond the BKL limit and to
see the beginnings of a possible identification of the dynamics of the scale
factors and of all the remaining variables with that of a nonlinear σ-model
defined on the cosets of the KM group divided by its maximal compact
subgroup [6, 7].
For concreteness, we will only consider one specific example here: the
relation between the cosmological evolution of D = 11 supergravity and
a null geodesic on E10/K(E10) [6] where KE10 is the maximally compact
subgroup of E10. The σ-model is formulated in terms of a one-parameter
dependent group element V = V(t) ∈ E10 and its Lie algebra value derivative
v(t) :=
dV
dt
V−1(t) ∈ e10. (5.49)
The action is
SE101 =
∫
dt
n(t)
< vsym(t)|vsym(t) > (5.50)
with a lapse function n(t) whose variation gives rise to the Hamiltonian
constraint ensuring that the trajectory is a null geodesic. The symmetric
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projection
vsym :=
1
2
(v + vT ) (5.51)
is introduced in order to define an evolution on the coset space. Here < .|. >
is the standard invariant bilinear form on E10 ; v
T is the “transpose” of
v defined with the Chevalley involution4 as vT = −ω(v). This action is
invariant under E10,
V(t)→ k(t)V(t)g where k ∈ KE10 g ∈ E10 (5.52)
Making use of the explicit Iwasawa parametrization of the generic E10 group
element V = KAN together with the gauge choice K = 1 (Borel gauge),
one can write
V(t) = expXh(t) · expXA(t)
with Xh(t) = h
a
bK
b
a and
XA(t) =
1
3!AabcE
abc + 16!Aa1...a6E
a1...a6 + 19!Aa0|a1...a8E
a0|a1...a8 + . . . .
Using the E10 commutation relations in GL(10) form together with the
bilinear form for E10, one obtains up to height 30
5 ,
nL = 14(gacgbd − gabgcd)g˙abg˙cd + 12 13!DAa1a2a3DAa1a2a3
+12
1
6!DAa1...a6DA
a1...a6 + 12
1
9!DAa0|a1...a8DA
a0|a1...a8 , (5.53)
where gab = eace
b
c with
eab ≡ (exph)ab ,
and all “contravariant indices” have been raised by gab. The “covariant”
time derivatives are defined by (with ∂A ≡ A˙)
DAa1a2a3 := ∂Aa1a2a3 ,
DAa1...a6 := ∂Aa1...a6 + 10A[a1a2a3∂Aa4a5a6] ,
DAa1|a2...a9 := ∂Aa1|a2...a9 + 42A〈a1a2a3∂Aa4...a9〉
−42∂A〈a1a2a3Aa4...a9〉 + 280A〈a1a2a3Aa4a5a6∂Aa7a8a9〉 . (5.54)
4The Chevalley involution is defined by ω(hi) = −hi; ω(ei) = −fi; ω(fi) = −ei
5We keep only the generators Eabc, Ea1...a6 and Ea0|a1...a8 corresponding to the E10
roots α =
∑
niαi with height
∑
i
ni ≤ 29 (αi are simple roots and ni integers)
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Here antisymmetrization [. . . ], and projection on the ℓ = 3 representation
〈. . . 〉, are normalized with strength one (e.g. [[. . . ]] = [. . . ]). Modulo field
redefinitions, all numerical coefficients in (5.53) and in (5.54) are uniquely
fixed by the structure of E10.
In order to compare the above coset model results with those of the
bosonic part of D = 11 supergravity, we recall the action
Ssugra11 =
∫
d11x
[√−GR(G)− √−G
48
Fαβγδ Fαβγδ
+
1
(12)4
εα1...α11 Fα1...α4 Fα5...α8 Aα9α10α11
]
. (5.55)
The space-time indices α, β, . . . take the values 0, 1, . . . , 10; ε01...10 = +1, and
the four-form F is the exterior derivative of A, F = dA. Note the presence
of the Chern–Simons term F ∧ F ∧ A in the action (5.55). Introducing a
zero-shift slicing (N i = 0) of the eleven-dimensional space-time, and a time-
independent spatial zehnbein θa(x) ≡ Eai(x)dxi, the metric and four-form
F = dA become
ds2 = Gαβ dx
α dxβ = −N2(dx0)2 +Gabθaθb (5.56)
F = 1
3!
F0abc dx0∧θa∧θb∧θc + 1
4!
Fabcd θa∧θb∧θc∧θd.
We choose the time coordinate x0 so that the lapse N =
√
G, with G :=
detGab (note that x
0 is not the proper time 6 T =
∫
Ndx0; rather, x0 →∞
as T → 0). In this frame the complete evolution equations of D = 11
supergravity read
∂0
(
Gac∂0Gcb
)
= 16GFaβγδFbβγδ − 172GFαβγδFαβγδδab − 2GRab(Γ, C) ,
∂0
(
GF0abc) = 1144εabca1a2a3b1b2b3b4F0a1a2a3Fb1b2b3b4
+32GFde[abCc]de −GCedeFdabc − ∂d
(
GFdabc) ,
∂0Fabcd = 6F0e[abCecd] + 4∂[aF0bcd] , (5.57)
where a, b ∈ {1, . . . , 10} and α, β ∈ {0, 1, . . . , 10}, and Rab(Γ, C) denotes
the spatial Ricci tensor; the (frame) connection components are given by
2GadΓ
d
bc = Cabc+Cbca−Ccab+∂bGca+∂cGab−∂aGbc with Cabc ≡ GadCdbc
being the structure coefficients of the zehnbein dθa = 12C
a
bcθ
b∧θc. (Note
6 In this section, the proper time is denoted by T while the variable t denotes the
parameter of the one-dimensional σ-model introduced above.
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the change in sign convention here compared to above.) The frame deriva-
tive is ∂a ≡ Eia(x)∂i (with EaiEib = δab ). To determine the solution at
any given spatial point x requires knowledge of an infinite tower of spa-
tial gradients; one should thus augment (5.57) by evolution equations for
∂aGbc, ∂aF0bcd, ∂aFbcde, etc., which in turn would involve higher and higher
spatial gradients.
The main result of concern here is the following: there exists a map
between geometrical quantities constructed at a given spatial point x from
the supergravity fields Gµν(x
0, x) and Aµνρ(x0, x) and the one-parameter-
dependent quantities gab(t), Aabc(t), . . . entering the coset Lagrangian (5.53),
under which the supergravity equations of motion (5.57) become equivalent,
up to 30th order in height, to the Euler-Lagrange equations of (5.53). In the
gauge (5.56) this map is defined by t = x0 ≡ ∫ dT/√G and
gab(t) = Gab(t, x) ,
DAa1a2a3(t) = F0a1a2a3(t, x) ,
DAa1...a6(t) = − 14!εa1...a6b1b2b3b4Fb1b2b3b4(t, x) ,
DAb|a1...a8(t) = 32ε
a1...a8b1b2
(
Cbb1b2(x) +
2
9δ
b
[b1
Ccb2]c(x)
)
. (5.58)
Let us also mention in passing (from [39]) that the E10 coset action
is not compatible with the addition of an eleven-dimensional cosmological
constant in the supergravity action (an addition which has been proven to
be incompatible with supersymmetry in [40]).
6 Conclusions
We have reviewed the finding that the general solution of many physically
relevant (bosonic) Einstein-matter systems, in the vicinity of a space-like
singularity, exhibits a remarkable mixture of chaos and symmetry. Near
the singularity, the behavior of the general solution is describable, at each
(generic) spatial point, as a billiard motion in an auxiliary Lorentzian space
or, after a suitable “radial” projection, as a billiard motion on hyperbolic
space. This motion appears to be chaotic in many physically interesting
cases including pure Einstein gravity in any space-time dimension D ≤ 10
and the particular Einstein-matter systems arising in string theory. Also,
for these cases, the billiard tables can be identified with the Weyl chambers
of some Lorentzian Kac–Moody algebras. In the case of the bosonic sector
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of supergravity in 11-dimensional space-time the underlying Lorentzian al-
gebra is that of the hyperbolic Kac–Moody group E10, and there exists some
evidence of a correspondence between the general solution of the Einstein-
three-form system and a null geodesic in the infinite-dimensional coset space
E10/K(E10), where K(E10) is the maximal compact subgroup of E10.
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A Kac-Moody algebras
A KM algebra G(A) can be constructed out of a generalized Cartan matrix
A, (i.e. an r× r matrix such that Aii = 2, i = 1, ..., r, ii) −Aij ∈ N for i 6= j
and iii) Aij = 0 implies Aji = 0) according to the following rules for the
Chevalley generators {hi, ei, fi}, i = 1, ..., r:
[ei, fj] = δijhi
[hi, ej ] = Aijej
[hi, fj] = −Aijfj
[hi, hj ] = 0.
The generators must also obey the Serre’s relations, namely
(ad ei)
1−Aijej = 0
(ad fi)
1−Aijfj = 0
and the Jacobi identity. G(A) admits a triangular decomposition
G(A) = n− ⊕ h⊕ n+ (A.59)
where n− is generated by the multicommutators of the form [fi1 , [fi2 , ...]],
n+ by the multicommutators of the form [ei1 , [ei2 , ...]] and h is the Cartan
subalgebra.
The algebras G(A) build on a symmetrizable Cartan matrix A have been
classified according to properties of their eigenvalues
• if A is positive definite, G(A) is a finite dimensional Lie algebra;
• if A admits one null eigenvalue and the others are all stricly positive,
G(A) is an Affine KM algebra;
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• if A admits one negative eigenvalue and all the others are strictly
positive, G(A) is a Lorentzian KM algebra.
A KM algebra such that the deletion of one node from its Dynkin diagram
gives a sum of finite or affine algebras is called an hyperbolic KM algebra.
These algebras are all known; in particular, there exists no hyperbolic alge-
bra with rang higher than 10.
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